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We prove that every finite undirected graph is a full subgraph of a rigid 
graph. Our construction proceeds on taking a family of “mutually rigid” graphs 
and attaching them to the vertices of a given graph in a one-to-one manner; 
then the vertices are fixed on their place. Actually, the new graph is “strongly 
rigid,” which enables us to show that the category of all graphs containing a 
given finite graph as a full subgraph is binding. 
1. INTRODUCTION 
The graph-theoretic definitions not given here can be found in [I]. 
A graph G is rigid if its only endomorphism (as defined in [4]) is the 
identity. 
Hedrlin asked whether any finite undirected graph is a full subgraph 
of an undirected rigid graph. A companion question for directed graphs 
was answered affirmatively by Mendelsohn [Sj, who investigated bind- 
ability of certain categories of graphs. We shall settle the original problem. 
A category K is called binding if any category of algebras is isomorphic 
to some full subcategory of K, Hedrlin and Pultr [3] have shown, inter 
alia, that the category of graphs is binding. Using this result and our 
construction, we can show that the category of all undirected graphs 
containing a given finite graph as a full subgraph is binding, too. 
2. THE BASIC CONSTRUCTION 
LEMMA. Given any positive integer n there is a family of finite graphs 
G, , G, ,..., G, such that 
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(i) no Gi is (n + 2)-colorable, 
(ii) the only homomorphisms f : Gi -+ Gi are the identical mappings 
f:Gi+Gi,and 
(iii) if f : Gi 4 G is a homomorphism, Gi = [Vi , Ei], then f(VJ 
spans a graph without cutpoints. 
Proof. Put Gi = [Vi , &] where Vi = {xi’, xi’,..., xf”“} and 
Ei = {xijxik: 1 j - k 1 < n + l} U{xilxy+‘, x~~x;+~+~}. 
Evidently, no Gi is (n + 2)-colorable while any subgraph of Gi having 
less than 3n + 7 vertices is (to see this, consider any subgraph of Gi with 
3n + 6 vertices ordered by their superscripts and assign to them numbers 
1, 2,..., n + 2, 1) 2 )...) n + 2, 1) 2 ,...) IZ + 2 in this order). Thus (i) holds 
and every homomorphism f: Gi -+ Gj is 1 - 1 (otherwise the image 
of Gi and, consequently, Gi itself is (n + 2)-colorable, which is a contra- 
diction). 
Next we observe that homomorphisms send complete subgraphs 
onto complete subgraphs. Considering all complete subgraphs of GI, 
having n + 2 vertices (i.e., the graphs spanned by {xlc”, xz+l,..., xEfla+l}, 
where 1 < p < 2n + 6), we conclude that any homomorphismf : Gi --f Gj 
is given either by f(xiq) = xjp or byf(xi*) = x!~+~-~. However, the edge 
x~~x?+~+~ allows only the first possibility with i = j and (ii) follows. 
Fmally, consider a graph G and a homomorphismf : Gi + G. We shall 
prove by induction on k that verticesf(xil),f(xiz)....,f(x$) span a graph 
without cutpoints; this is fairly obvious as far as k < n + 2. If 
1 < k < 3n + 7, then f(x:“)f(x”‘) and f(xi”)f(xi”) are edges of G 
and (since xf-‘xi” is an edge of GJ f(x:-‘) #f(@). Therefore the 
validity of the assertion for k implies its validity for k + 1. 
THEOREM. Given any finite undirected graph G, there is a finite rigid 
undirected graph G such that G, is a full subgraph of G. 
Proof. If G, = [VO , E,,], V, = (x1 , x2 ,..., x,), then construct the 
family G, , G, ,..., G, from our lemma such that Vi n Vj = 4 whenever 
0 < i <j < n. Take graphs G, , G, ,..., G, , identify each vertex xi 
with xil, and call the resulting graph G (G is the factor graph of the 
disjoint sum of the graphs G, , G, ,..., G, over the equivalence relation 
generated by [xxi , xi’]). 
Let f : G --f G be a homomorphism. G induces a family of homo- 
morphisms f6 : Gi + G, i = 1, 2 ,..., n. By (iii), we have eitherfi : Gi -+ G, 
or fi : Gi -+ Gj for some j = 1,2,..., n. However, the first possibility 
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cannot occur as Gi is not (n + 2)-colorable while G, is. Thus, we have 
ji : Gi + G,# , j > 0. By (ii), each fi is the identity; therefore f is the 
identity and G is rigid. Q.E.D. 
3. CONSEQUENCES 
Using the technique developed by Hedrlin and Pultr [2, Theorem 21 
combined with a result of VopGnka, Pultr, and Hedrlin [6], we can prove 
the following 
COROLLARY 1. Let S be a semigroup with a unity element and let G, 
be a finite undirected graph. Then there is a graph G1 such that 
(i) the semigroup of all endomorphisms of G1 is isomorphic with S, 
(ii) G1 contains G, as a full subgraph. 
Moreover, tf S is finite, then G, can be chosen finite. 
The proof depends on the fact that (G; $, x:), where G is the graph 
constructed above, is “strongly rigid” in the terminology of [2]; this can 
be easily verified. 
Similarly, using the result of Hedrlfn and Pultr [3] mentioned in the 
introduction, we can prove the following stronger statement: 
COROLLARY 2. The category of all undirected graphs containing a 
given finite undirected graph as a full subgraph is binding. 
Thus, we have obtained a new contribution to the list of binding 
subcategories of the category of graphs given by Mendelsohn [5]. 
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